The focusing properties of the optimized zone plate structures which have upper and lower zones with different thicknesses are studied by the three-dimensional finite-difference time-domain method. Two kinds of materials are chosen, including silver representing metal and BK7 glass representing dielectric. An optimization algorithm is applied to tune the parameters of zone plate structures. Several optimized zone plate structures with smaller circular-shape focus are presented. By using the angular spectrum representation method, we found that the cases with smaller focal sizes have larger high-k components; however, the intensities of side lobes also become larger in comparison with the main beam. It is also found that the phase differences between different spatial field components can have the influences on focusing properties. A special case with two focuses is shown by changing the cost function of the same optimization algorithm. Our findings suggest that the optimized zone plate structures can reconstruct the light intensity distribution and have a great potential for the applications in imaging, lithography, and data storage.
Introduction
The Fresnel zone plate structures are widely used as the focusing lenses in optical applications, such as microscopy, imaging, lithography, etc. Recent studies in plasmonic zone plate structures show that better focusing properties can be achieved. For example, the zone plate structures with metal and dielectric material have a highly-directional focal beam with the focal size smaller than the diffraction limit in the visible wavelength region [1] [2] [3] or infrared light region [4] . The zone structure covered with the other dielectric layer [5] or metal-dielectric multilayer [6] is found to have a better focus. The phase of surface plasmon polaritons can be modified by varying the dielectric structure on a metal surface, and an inphase phase modulation Fresnel zone plate is proposed to either enhance or suppress the field intensity [7] . By analyzing the fields in the focal plane, larger high-k components are seen in the k-domain for the silver zone plates than for the glass zone plates, and the smaller focus can be obtained for the silver zone plates [8] . The focuses of different metal coated Fresnel zone plate structures in the visible range are smaller than the diffraction limit because the evanescent field affects the near field focusing [9] . A higher resolution can be obtained by the radiationless electromagnetic interference [10] [11] [12] [13] . The contribution of the evanescent waves to the total electromagnetic field behind the subwavelength apertures has been studied [14, 15] . Also, the Poynting flux in these structures was found to have optical singularities in the near field region [16] . Without the help of evanescent waves, a superoscillating focusing design with only propagating waves was proposed in [17] . These findings show that the plasmonic zone plate structures with specific geometries and materials can reconstruct the light intensity distribution and have a great potential in nanophotonic applications.
In this paper, we assume the zone plate structures with the upper zones and lower zones which may have the same or different materials. We use an optimization algorithm to tune the zone thicknesses and study the field in the focal plane by the finite-different time-domain method. Several optimized structures are obtained and analyzed by the angular spectrum representation. The focusing properties of these optimized zone plate structures are studied and their physical mechanisms are described. One special case with two focuses is also demonstrated by modifying the cost function used in the same optimization procedures.
Zone plate structures and simulation setup
A standard Fresnel zone plate having the same thickness of each zone can be used to focus the plane wave. We use an optimization procedure by tuning the thickness of the zones to find better focusing properties. Figure 1 shows the cartoon of the zone plate structure under current study. The upper zones and lower zones with the same radius have different thickness. The transparent zones are air and the dark zones are silver or BK7 glass. The radius of the zones can be calculated by the equation R n = ((d + nλ 0 /2) 2 -d 2 ) 1/2 [18] , where R n is the radius of n th zone, n is the number of the zone, d is the focal distance, and λ 0 is the wavelength of the incident light. We assume that the radius of the outermost zone, which looks like the substrate, is infinite.
We apply the three-dimensional finite-difference time-domain method to study the focal properties of zone plate structures. The mesh is a cubic with the length 10 nm. The perfectly matched layers are applied at the outer boundaries to simulate the infinite space. We consider the incident light with x polarization and wavelength 632.8 nm. The focal plane is at z = 1 μm. The dielectric constants of the silver and BK7 glass can be found in [19, 20] . 
Optimization algorithm and optimized structures
By tuning the parameters and the materials of the zone plate structures, the size, shape and distance of focus change accordingly. The focusing properties can be evaluated by the full width half maximum (FWHM) of the focal size in the focal plane. The focus with a smaller focal size and circular shape are preferred. If there are N parameters and M steps in total for each parameter, there are M N possibilities of different structures. For example, the 4-air-zone structure with different thickness of upper and lower zones shown in Fig. 1 has 27 10 possibilities of the structures if the zone thickness varies for every 20 nm from 20 nm to 540 nm. This demands a huge amount of computational time if the simulations for all structures need to be done. Thus, it is required to have an algorithm or the procedure to find the optimized zone plate structures. Here, we propose an optimization algorithm and describe the procedures in below to find the optimized zone plate structures with smaller focus.
The optimization method we use can be represented in terms of a cost function which is defined as the focal size in the focal plane that depends on the zone plate structures. For the sake of ease, we only change the thickness of each zone and fix the zone radius and focal plane at z = 1 μm during the optimization procedures. We consider the cost function
with the following two limiting conditions 1 max( , )
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where t u and t l are the thicknesses of the upper zones and lower zones from the inner zone to the outer zone, f x and f y are the FWHMs of focus along x and y directions in the focal plane at z = 1 μm, f is the focal region, w 1 is the coefficient relating to the focus shape, w 2 is the coefficient relating to the ratio of the intensities of the side lobes and main beam, and P z (x, y, z = 1 μm) is the z-component of the average power density normalized by the incident plane wave in the focal plane at z = 1 μm. The P z can be expressed by the following equation
where E and H are the electric field and magnetic field, respectively, * denotes complex conjugate, and Re(‧ ) means taking the real part of ‧ , E i and H i are the electric field and magnetic field of the incident plane wave, respectively, the subscript x or y means the x or y component of the field. In Eq. (2), w 1 is in the range of 0 and 1. If w 1 is smaller, the focus turns out to be more circular. If w 1 is larger, the focus turns out to be more elliptical. In Eq. (3), if w 2 is smaller, the ratio of the intensities of side lobes and main beam becomes smaller. If w 2 is in the range of 0 and 1, the main beam is on the focal region. Otherwise, the main beam is in the region outside of the focal region. In this paper, we assume w 1 = 0.1 for a more circular shape and w 2 = 0.5 for the intensities of the side lobes being smaller than half of the main beam. Thus, the optimization procedure is to minimize the cost function with the limiting conditions by tuning the zone thickness and varying the zone plate structures. In the first step, we have to choose a structure as the initial structure which has the small value of the cost function in Eq. (1) and satisfies the two limiting conditions in Eqs. (2) and (3). The standard structure with fixed thickness for each zone is one of the candidates as being the first structure, or we can choose one structure with random thickness of each zone from all possibilities and simulate their focusing properties by finite-difference time-domain method.
If the structure has the small value of cost function as shown in Eq. (1) and satisfies two limiting conditions as shown in Eqs. (2) and (3), it is chosen as the initial structure during the optimization procedures. In our experiences, it needs to take at least ten structures to find one structure as the candidate of the initial structure. In the following steps, we randomly choose one zone and vary its thickness to yield a thinner or thicker zone. If the cost function does not get smaller or the focusing properties do not satisfy the two limiting conditions, the original value of the chosen zone thickness keeps unchanged. If the cost function gets smaller and the focusing properties satisfy the two limiting conditions, we continue to vary this chosen zone to a thinner or thicker zone until the value of the cost function cannot get smaller or the focusing properties do not satisfy the two limiting conditions. The value of the newly chosen zone thickness is used in the next step. Then, we randomly choose the other zone and repeat these procedures by checking their cost function values and two limiting conditions. We repeat these procedures until the cost function value is not changed or changed only by a negligibly small value with satisfying the two limiting conditions. We use the proposed optimization algorithm for the zone plate structures with five zones. The structure parameters of the optimized designs and their focusing properties are shown in Table 1 , and the standard zone plate is also listed in Table 1 for comparison. The material of the upper and lower zones for cases 1 to 3 is silver. In case 1, we fix the lower zone thickness t l and tune the upper zone thickness t u . In case 2, we fix t u and tune t l . In case 3, we tune t u and t l both. In case 4, the material of upper zones is silver and the material of lower zones is BK7 glass, and both t u and t l are tuned. For case 1, the initial structure is a random structure as t u = {20, 500, 60, 140, 20} and t l = {20, 20, 20, 20, 20}. For case 2, the initial structure is also a random structure as t u = {20, 20, 20, 20, 20} and t l = {300, 20, 140, 180, 100}. Because the cases 3 and 4 have double parameters as comparing to the cases 1 and 2, we choose the standard zone plate structure with fixed zone thickness t u = {40, 40, 40, 40, 40} and t l = {0, 0, 0, 0, 0} as the initial structure for cases 3 and 4 to avoid the difficulty to search for one initial random structure. Figure 2 shows the cost function values verse the number of simulation for these cases by using the proposed optimization algorithm. The optimized structures for all cases can be found within one hundred times of FDTD simulations. Our FDTD simulations are done in the computer with Intel Xeon E5520 Nehalem 2.26GHz Quad-Core CPU and 24 GB DDR-3 1333MHz memory. If only one core of Quad-Core CPU is used, the average computation time for one FDTD simulation with the mesh size 10 nm cubic and the whole simulation domain is 12 μm × 12 μm × 3.6 μm in this computing resource needs about 150 minutes. If all cores in CPU or parallel computing are used, the computation time can be much reduced. This shows that the optimized zone plate structures can be obtained in the reasonable computational time by our proposed optimization procedures. Figure 3 shows P z (x, y), the average power density normalized by the incident plane wave in the focal plane at z = 1 μm, in space domain for all cases in Table 1 , and their focal sizes can be estimated by the contours of half intensities of the focuses being shown as the white dashed lines in Fig. 3 (b), 3(d), 3(f), 3(h), and 3(j). The focal size of each case is also listed in Table 1 . For example, the focal size of case 4 is about 4.6*10 4 nm 2 which is similar to the standard zone plate with 25 air zones.
Table 1. The zone thicknesses (t u and t l ), FWHMs (f x and f y ), the maximum of zcomponent of average power density normalized by the incident plane wave (max. P z ), and the focal size for the standard zone plate structure and the optimized structures

Results and discussion
To understand the focusing properties of the standard and optimized cases, Fig. 4 shows the normalized z-component of the average power density divided by its maximum along x and y directions in space domain in the focal plane of all cases in Fig. 3 or listed in Table 1 . The results show that the optimized structures have smaller sizes and smaller intensities in focus than the standard zone plate structure. Although the focal sizes of the optimized cases are smaller than the standard case, the side lobes get larger and the shapes of some focuses for optimized cases are not circular as the standard case. Fig. 3. (a) , (c), (e), (g), and (i) are the simulated P z (x, y) for the cases standard, 1, 2, 3, and 4 in Table 1 , and (b), (d), (f), (h), (j) are the zoom-in plots of (a), (c), (e), (g), and (i) where the white dashed lines are the contours of half intensity of the focus. Fig. 4 . The simulated normalized P z (x, y) divided by its maximum along the lines of (a) y = 0 and (b) x = 0 in the focal planes (z = 1 μm) for the cases tabulated in Table 1 .
By using the angular spectrum representation [21] , the field in the k-domain in a specific plane can be calculated by taking the Fourier transform of the field in the space domain for the same plane. When observing the field in the k-domain for the focal plane, we know the intensities of the fields with different k x and k y in the focal plane. The field in the range of k x 2 + k y 2 < k 0 2 is the propagating wave with the propagating constant k z = (k 0 2 -k x 2 -k y 2 ) 1/2 . The field in the range of k x 2 + k y 2 > k 0 2 is the evanescent wave with an attenuation constant α z = (k x 2 + k y 2 -k 0 2 ) 1/2 . Figure 5 shows the normalized z-component of the average power density divided by its maximum along k x and k y directions in the k-domain in the focal plane of all cases in Table 1 . Comparing to Fig. 4 and Fig. 5 , the cases with smaller focal sizes have larger high-k components and side lobes. The components of the field in the k-domain can be varied by tuning the thickness and material of zone plate structures, and the field in space domain changes accordingly. In the investigated cases, we found that the side lobes get larger as the focal size becomes smaller during the optimization procedures. in Fig. 5 . These peaks are related to the air rings in the zone plate structure as shown in Fig. 1 . Because the thickness of each zone is different for the optimized cases, the light propagating from each zone as shown in Fig. 1 to the focus in the focal plane can not be all in phase. To understand the influences of phase difference on the focusing properties, we can use the angular spectrum representation again. We can assume that there are specific spatial field components in the k-domain and transfer to the field in the space domain by taking the inverse Fourier transform of the spatial field in the k-domain. To avoid the complexity as shown in Fig. 5 , we take the combination of the spatial field components which include are ten times larger than other components, its transformed space field as the blue line shown in Fig. 6 can be obtained by taking the inverse Fourier transform from all spatial field components. Keeping the phase of the component
unchanged and varying only the phase of all other field components for case 1, the results with the phase differences 4  , 2  , and 3 4  between the value of and other spatial field components are shown as cases 2, 3, and 4, respectively, in Fig. 6 . It is interesting to find that the results of the cases 2, 3, and 4 in Fig. 6 have smaller focal sizes but larger side lobes. This is similar as the results for optimized cases in Fig. 4 . To study the influence of the other spatial field components, the case 5 in Fig. 6 shows the intensities of all other components double the intensities except
as comparing to the conditions in case 1. It shows that this case can also give better focus but larger side lobes. If we only double the intensity of the component
as comparing to the conditions in case 1, the case 6 in Fig. 6 shows better focus but also larger side lobes than case 1 and case 5. For the in-phase cases 1, 5, and 6 in Fig. 6 , we found that the first and the other minimums for these cases are zero. For the non-in-phase cases 2, 3, and 4 in Fig. 6 , the first and the other minimums for these cases are not zero. This is a very important information because similar phenomena are also observed for the optimized zone plate structures in Fig. 4 . Combining the discussion of influences of phase and the intensities of high-k and evanescent waves, the focusing properties of the optimized zone plate structures have a better physical explanation. Thus, the focusing properties of a structure can be modified by varying the parameters of the structure and controlling the phase effect and the field distribution in the k-domain.
Modifying the cost function Eq. (1) to c(t u , t l ) = f x and removing the limitations of Eqs. (2) and (3) in the optimization procedures and keeping the other conditions unchanged, a structure with silver upper zones t u = {40, 40, 40, 380, 540} and BK7 glass lower zones t l = {420, 60, 100, 20, 400} is found to have two focuses in its centric of the focal plane. The zcomponent of the average power density normalized by the incident plane wave for this structure is shown in Fig. 7(a) , and Fig. 7(b) is the zoom-in plot of Fig. 7(a) . The focal size of each focus can be estimated by the contours of half intensity of the focus, which is shown as the white dashed lines in Fig. 7(b) . The focal size is about 1.2*10 5 nm 2 . The distance of two focuses shown as the cross marks in Fig. 7(b) is about 800 nm. It should be noticed that the intensities of the side lobes in Fig. 7(a) are larger than the intensities of the two focuses in the centric of the focal plane because of the removal of the two imposed limitations in Eqs. (2) and (3). Fig. 7 . Two-focus case: (a) The simulated P z (x, y) which is normalized to the incident plane wave, and (b) is the zoom-in plot of (a) where the white dashed lines are the contours of half intensity of the focuses.
Conclusions
Based on the finite-difference time-domain method and the proposed optimization algorithm, several optimized plasmonic zone plate structures are found to have better focusing properties with smaller focal sizes and acceptable side lobe intensities. From the angular spectrum representation method, the smaller focus can be generated and has larger high-k components in the k-domain; however, the intensities of the side lobes also get larger. The focusing properties are influenced by the phase differences between different spatial field components. We also present another two-focus design by changing the cost function and removing the limitation conditions in the optimization procedures. These studies show that the functional optical structures can be designed solely by varying the thicknesses of the zone plate structures, and it is expected that a better performance can be achieved if more parameters are considered in the optimization procedures, such as the material, zone radius, etc.
